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Abstract: Using the methods of twistor geometry we classify compact conformally flat hermitian 
surfaces. This is accomplished by first associating to the universal covering of such a surface an 
open set of a quadric in @Ps (the twistor space of S’) and then applying some classical projective 
geometry. 
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1. Introduction and results 
A Riemannian metric g on a m-dimensional manifold Mm is said to be conformally 
flat if it admits an atlas of coordinate charts {(Ucy, z)},e~ such that for each cr E A, 
i=l 
for some smooth function fa. 
By an important result of Kuiper [lo], which we will need to use later, when (M,g) is 
conformally flat and m > 3 there is an immersion @ called the developing map from the 
universal covering ti onto an open set of the sphere with the property that @ : I% % 5’” 
is a conformal isometry between the covering metric g and the standard metric of the 
sphere. 
Notice also that when m > 4 a metric is conformally flat if and only if its Weyl 
tensor W vanishes identically [3]. 
In this note we will consider the case in which m = 4 and M is a compact complex 
surface, furthermore the conformally flat metric g on M is assumed to be hermitian 
which means that the complex structure J is an isometry: g(JX, JY) = g(X,Y) for 
any tangent vectors X,Y on M. 
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Recall that a conformal isometry of S4 is called a Mobius transformation, our aim is 
to prove the following result which, as pointed out by the anonymous referee is stated 
without proof in [5]. 
Theorem 1.1. Let (fi, g) be the Riemannian universal covering of a compact confor- 
mally flat hermitian surface M. Then, up to a Mobius transformation, there are just 
three possibilities: 
1) M is biholomorphic to C2 and g is the flat hermitian metric go. 
2) &I is C2 \ (0) with the dilation invariant hermitian metric ?j = ]],zJJ-~ go. 
3) &I is ‘Ii x CPj with the product metric. Where 31 is the upper half plane in C 
equipped with the metric of constant curvature -1 and CP1 is the Riemann sphere 
with the constant curvature +1-metric. 
A consequence of the above result and its proof is: 
Corollary 1.2. Let M be a compact complex surface with a hermitian metric which 
is conformally flat, then M is one of the following: 
1) A complex torus or a hyperelliptic surface since it admits a flat hermitian metric. 
2) A Hopf surface i.e. finitely covered by a complex surface C2 \ (0) /Z “= S1 x S3 
with the standard hermitian metric of [21]. 
3) A flat @P1-bundle over a Riemann surface S, of genus g > 2 whose metric is 
locally the product of the +1-curvature metric on 6X1 and the -l-curvature metric on 
S 9’ 
Our interest for these metrics comes from the more general setting of studying half- 
conformally-flat metrics on an orientable 4-dimensional manifold M [a]. Such a metric 
satisfies one of the two equations 
*W=fW 
for its Weyl tensor W where * is the Hodge-star operator acting on bundle-valued 
2-forms. 
When one can fix a complex structure on M and therefore an orientation, it is 
interesting to look for anti-self-dual metrics (i.e. satisfying *IV = -IV) compatible with 
the complex structure. The classification of this class of compact hermitian surfaces has 
received some new impetus from the work of LeBrun [12,13] and is interesting in light 
of results of Boyer [4] which showed that there are only two classes: 
Even) The first Betti number bl(M) is even and this is the class of Kahler surfaces of 
zero scalar curvature. 
Odd) bI(M) = 1 and the metric is locally conformally Kahler (Z.c.L.) with positive 
scalar curvature. 
Corollary 1.2 then gives a classification of these hermitian surfaces with topological 
signature r(M) = 0 [2, p. 4281. Notice that the surfaces of type 1) and 3) in Corollary 1.2 
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are Kahler with zero scalar curvature while a Hopf surface has first Betti number equal 
to 1 and a locally conformally Kahler metric, in fact l.c.ko. in the terminology of [21]. 
Complex surfaces as in 3) are called ruled surfaces and it might be interesting to 
notice that it was shown in [6] that not every ruled surface of genus g > 2 admits such 
a hermitian metric. 
We notice that parts 1) and 3) of C orollary 1.2 appear in [4, Theorems 4 and 51 and 
[ll] and are probably well known if one assumes that the metric is Kahler. However 
our proof is new and gives a unified treatment of the two classes. Indeed case 2) in the 
above classification is also a result of Boyer and it is of interest to us because it was 
used several times in [4,16]: 
Proposition 1.3 [4, Proposition 21. If M is a compact conformally flat hermitian 
surface with odd first Betti number, then h4 is a Hopf surface. 
We remark however that the original proof of Boyer contains a gap because it assumes 
that the flat metric on a complex manifold is always Kahler . But in fact to be Kahler is 
a property depending on the complex structure: the flat metric on 7-L x @EJr is not 
Kahler for the product complex structure, otherwise it would be a constant multiple of 
the product metric. This of course is because the product complex structure is different 
from the one induced by IH x @pr L, Iw4 2 C2 as it will be clear from the proof of 
Theorem 1.1. 
An interesting consequence of 1.3 is that the only compact complex surfaces with 
bl = 1 admitting conformally flat hermitian metrics are Hopf surfaces. In particular 
even though a Inoue surface admits 1.c.k. metrics as it was shown by Tricerri [20] 
and satisfies the necessary condition b2 = 0 [16], ‘t 1 cannot admit a conformally flat 
hermitian metric. 
The above discussion shows some of the motivations for our work. 
Further motivation came from trying to understand a claim of Vaisman [21, p. 2351 
to the effect that a l.c.ku. metric is just a 1.c.k. metric which is also conformally flat (i.e. 
W = 0). Now if the complex dimension is at least 3 the claim follows from a local tensor 
calculation because as it is well known a Kahler metric which is also conformally flat 
must actually be flat in these dimensions ‘[4, p. 781. However this result fails to hold 
in complex dimension 2, the counterexample being given once again by the product 
X x @lIDI, so that there is no local statement in this dimension and in fact the tensor 
computation only yields that the scalar curvature of the metric vanishes, a result which 
holds more in general for anti-self-dual Kahler metrics [ll]. 
On the other hand if the manifold is assumed to be compact then the claim of 
Vaisman follows from Corollary 1.2 and the results of [21]. 
The proof of our Theorem is an application of twistor theory and relies on [l5, 
Theorem 2.11. The important point is that when (A4,g) is a compact anti-self-dual 
(e.g. conformally flat) hermitian surface the scalar curvature of g is non-negative by 
the above mentioned result of Boyer [4, Theorem l] or alternatively by a vanishing 
theorem of Gauduchon [7, Remark 171. We can then apply Theorem 4.5 in [18] and 
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conclude that the developing map is actually injective in our case i.e. 
O:&Lt&P is a conformal imbedding. 
By the conformal invariance of the twistor construction we then have that 
the twistor space Z ofa is an open subset of CIP3, the twistor space of S4. 
In what follows we will always assume that h is equipped with the metric 3 and 
complex structure J which are pulled back from M. As 3 is globally conformal to the 
restriction of the standard metric h of S4, the integrable complex structure J will be 
compatible with both 3 and h. This last fact precisely amounts to having a complex 
hypersurface C in 2 meeting each twistor line in exactly one point, see also [15]. 
The proof of our result will spread out the remaining sections of this work and con- 
sists in showing that there are just two possibilities for C which we call the degenerate 
and non-degenerate case. The metric 3 will finally be determined by requiring it to be 
compatible with the complex structure given by C. 
2. The twistor space 
Let now 2 be the twistor space of (&,a) and recall that we can realize it as an open 
set in the twistor space of S4 equipped with the standard conformal structure. 
To describe this last object we follow [l] and think of S4 as quaternionic projective 
space IHPr. This is defined dividing H2 \ (0) by the equivalence relation (~0, ~1) N 
(40, @r) if and only if qo = qQ0 and q1 = qq1 for some q E IHI. As usual [qo, ql] will denote 
the equivalence class of (qo,ql) and notice that we have used left multiplication here. 
Now 
acts upon HIP1 on the right by fractional linear transformations: 
[qe, qrl H [qua + qrb, qec t 4. 
Its centreless version PGL(2,W) = GL(2,W)/XI, w h ere X E I!%, is the group of confor- 
ma1 isometries of the standard metric of S4 and is also called the group of Mobius 
transformations; this is the quaternionic analogue of PSL(2,C) being the conformal 
group of S2 Z CPr. 
Now any quaternion q can be uniquely written as 20 + Zrj with 20 and 21 complex 
numbers and we can consider the twistor fibration of S4. 
t:@P3+IHIIPl (24 
which in homogeneous coordinates is given by 
t : [Zo,.G,Z2,~3] H [Zo + &j,Z2 + Z3jl. 
So that if q E HIIF1 is a quaternionic line (Z C2) in W2(E C”) then t-‘(q) E @PI is 
the space of all complex lines lying in q and (2.1) is the bundle over S4 of complex 
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structures compatible with the standard metric and orientation on each tangent space 
T4S4. A fiber t-l(q) is a @IPr linearly imbedded in CIPs and is called a t~uistor line. 
The holomorphic structure of @IPs can then be used to describe the conformal ge- 
ometry of S4; most notably this was done in [l]. In the present work we will only 
need a very simple aspect of this correspondence, namely the explicit relation between 
conformal isometries of S4 and biholomorphisms of ClPs. 
By the non-commutativity of the quaternions it is interesting to consider both the 
left and right action of GL(2,W) on ElIPI by fractional linear transformations. 
The left one lifts to a non-holomorphic action on ClPs, but it still has a very important 
element, namely left multiplication by j acts trivially on HP1 but it lifts to the “real” 
structure of CP3, 
0 : [& zl,z2,23] H [-Zl, zo, -23, Z,]. 
This is an anti-holomorphic involution (i.e. CT 2 = id.) on UP3 without fixed points 
leaving invariant each twistor line; in fact restricted to each of these lines (T is just 
the antipodal map of @IF’,. An object on CPs is usually called “real” if it is invariant 
under o. 
On the other hand the right action of PGL(2,W) lifts instead to a holomorphic 
action: 
Proposition 2.2. [14] Th e conformaZ isometry oflNi&, q H (qc + d)-‘(qa + b), given 
with 
a=cr+/3j, b=y+6j, 
c=c+&, d=q+Oj 
lifts to the biholomorphism of UP’3 given by 
E PGL(4, C). 
Both matrices are acting on the right. Furthermore every biholomorphism of CP3 which 
commutes with u is of this form. 
Proof. In homogeneous coordinates on IH& the map 
is given 
a c 
( > b d 
by: [qo, ql] - [qoa + qlb, qoc + qld] and one gets the result by identifying w with 
the subalgebra of M(2,C) generated by 
(; ;)=1, (; “i)=C (_4 ;)=j, (9 ;)=k, 
over IR. Cl 
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The above group of “real” biholomorphisms of ClPs will be denote by IRB. Of course 
it is isomorphic to PGL(2,IHI) which is a real form of PGL(4,C) in the same way as 
SU(2) is a real form of SL(2,C). 
Now the twistor space 2 of (h,i) is an open set in CPs which is a union of twistor 
lines. As explained in [15] the complex structure on &J tautologically defines a smooth 
hypersurface C in 2 which is biholomorphic to h; letting X = C II a(Z) we have 
a “real” divisor X in 2 meeting each twistor line in exactly two antipodal points. 
If by [X] we denote the associated holomorphic line bundle on 2 and by Oz(2) the 
restriction of the Chern class +2 line bundle on CPs one can show [17] that they have 
the same Chern class: ci([X]) = cr(Uz(2)). 
Finally since M is compact the conformally flat hermitian metric g is also locally 
conformally Kahler by [4, Theorem l] ( see [15, 2.31 for an alternative proof) this says 
that 3 is a globally conformally Kahler metric on ti and therefore by [15, 2.11 we can 
conclude that [X] is actually isomorphic to (3z(2) as a holomorphic line bundle. Notice 
that this is not obvious because Hr(Z,(?) can be very large a priori; in fact in all the 
cases which do occur (i.e. those of Theorem 1.1) one can see that Hi(Z, 0) is infinite 
dimensional. 
The above equivalence of line bundles is the important fact which will lead to the 
classification because we now know that the divisor X, which completely determines 
the complex structure of fi, is the zero locus of a holomorphic section of Uz(2). We 
next show that any such section is the restriction of a global one on @Ps. 
Proposition 2.3 [14]. 1fW is an open neighborhood of a line in ~23, then any holo- 
morphic section of O( ) n on W, e&ends to all of CP3, i.e. 
Proof. When n = 0 one can either appeal to a Theorem in [9] which says that twistor 
spaces only have constant holomorphic functions whether they are compact or not; or 
argue as follows: through every point p E W, the set of tangent vectors to projective 
lines contained in W and passing through p spans the tangent space T,W. As any 
holomorphic function f on W is constant along these compact lines the differential df 
must vanish identically. 
Now let n # 0. Since Uw(n) = (3cp,(n)l, a holomorphic section is represented by a 
homogeneous holomorphic function of degree n defined on an open subset of C4; as any 
first partial derivative off is holomorphic and homogeneous of degree n-l, when n > 0, 
all nth partial derivatives of f are homogeneous of degree 0 and therefore represent 
holomorphic functions on W which are constant. It follows that f is a homogeneous 
polynomial of degree n and can therefore be extended to aII of C4. When n < 0 instead, 
both 2;. f(2) and ZT. f(2) are homogeneous of degree 0 and therefore constant. We 
conclude that f = 0. 0 
Remark 2.4. Notice that using the Euler exact sequence for the holomorphic tangent 
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bundle of CPs we easily get from the above extension result that any holomorphic vector 
field on 2 extends to all of CP3. Similarly any biholomorphism of 2 is the restriction 
of an element in PGL(4,C). This translates to S4 giving a twistor proof of Liouville 
Theorem [19] in dimension four: a conformal isometry of an open set in the sphere is 
the restriction of a Mobius transformation. 
A useful consequence of the above proposition is that the divisor X = C LI a(E) 
is contained in a unique “real” quadric Q of CPs, as an open set. Since X has two 
components we have that X 5 & which is another way of saying that S4 admits no 
compatible complex structure. 
The complex structure of &J is therefore incoded in the u-invariant quadric Q and 
since complex projective quadrics are classified by their rank we will now proceed to 
consider each possible rank separately. To this respect notice that rank(Q) = 1 implies 
that Q is a hyperplane counted twice, as no hyperplane can be a-invariant we have 
that rank(Q) > 2. Similarly the rank of Q cannot be 3 because in this case the quadric 
has exactly one singular point and cannot therefore be “real”. 
We are left with just two cases: rank(Q) = 2 or rank(Q) = 4 which we will call ths 
degenerate and non-degenerate case respectively. 
3. Degenerate case 
When the rank of the quadric is 2 we can assume after a Mobius transformation that 
Q is defined by the equation {Z,Zs = 0} in CIPs. Then Q is the union of two hyperplanes 
II := (22 = 0) and II := c(II) = (2s = 0) meeting along the line L, := (22 = 2, = 0) 
which is the twistor line above the point 03 = [l,O] E IHPr. 
Now II cannot contain any twistor line other than L, otherwise they would meet. 
It follows that Il \ L, meets every twistor line in exactly one point and therefore it 
defines the complex structure of C2 Z S4 \ {m}. Since C c II \ L, we have that &f is 
an open complex submanifold of C2. 
Now that we have the complex structure J we look for the hermitian metric S. Since 
M = M / R where CR is a group of isometries of S preserving the complex structure J we 
have that the twistor space of M is the quotient 2 / ‘Y where T = T(R) is a subgroup 
of RB preserving C and therefore II which is the smallest analytic subset containing 
it; similarly T preserves II. 
Now an element 
leaves the hyperplanes II = { 22 = 0) and a = (2s = 0) invariant if and only if 
c = f = 8 = 0. The corresponding holomorphic isometry w E 52 c PGL(~,w) is then 
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where a,b E W and 77 E C. In other words o is the conformal isometry of.c2 = S4 \ {CKI} 
given by 
W:qHq -lqa + ?y-lb 
and a is an w-invariant open subset. For this there are just two possibilities. 
The first subcase is that for all w E R and q E C2 we have that llqmlqall = 1lq11, 
where 11 ‘11 denotes the euclidean norm in C2 E IHI. Recall now that q H dmlqu realizes 
N(2) X SU(2) as the double covering of SO(4) when (Id-lull = 1 and u,d E W; it is 
then clear that q H 77 -lqu realizes U(1) x SU(2) as the double covering of U(2) when 
lld-lull = 1 and a E W, 7 E C. We conclude that w is the composition of an element of 
U(2) with a translation and therefore w preserves the hermitian flat metric. 
In order for the quotient M = &f / 0 to be a compact manifold we must have four Iw- 
independent translations in R (maybe composed with elements of U(2) of finite order). 
As a consequence fi must be all of C2 and M admits a flat hermitian metric. This 
proves part 1) of both Theorem 1.1 and Corollary 1.2. 
The only alternative to the above situation is that there is w E 0 such that ll~-lqull # 
llqll and in this case w has exactly one fixed point q = 0. Let (w) denote the infinite 
cyclic subgroup it generates and let k be the quotient of C2 \ (0) by the action of 
(w), then &l is diffeomorphic to 5” x S3 and therefore it is a finite covering of M. In 
particular ti = C2 \ {0}, br(M) = 1 and any element in 0 is the composition of a 
dilation q H qll~-lull with the element of U(2): q H (~-lqu)ll~-lull-‘. It follows that 
R preserves the “Vaisman metric” ll.~ll-~(d~~ + dzi) where z = (zr,~2) E c2 \ (0). 
This proves part 2) of both Theorem 1.1 and Corollary 1.2; it remains to show 
part 3) which we do in the following section. 
4. Non-degenerate case 
We are now left with rank(Q) = 4. In this case we can assume, after a Mobius 
transformation that Q is defined by the equation 
(ZoZ3 -&Z2 = 0) in CIP3. 
Of course Q meets the generic twistor line in two antipodal points and as before we 
look for all the twistor lines contained in Q. To do this we notice that every twistor 
line L, = t-l(q) must belong to the unique ruling [8] of Q coming from the Segre’ 
imbedding 
which in homogeneous coordinates is given by 
([Uo, ~l],[Vo,h])~ [Uovo, ~oK,~lvo,~l~l. 
We say that L, is an o-line if [V,, VI] E @IF’1 is fixed and that L, is a p-line if [UO, Ul] E 
CT’1 is fixed. To find all the bwistor lines of Q we just need to understand which of the 
a-lines or p-lines are twistor lines. 
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Fixing any [Vo,Vl] E @IIo, and taking the image under the twistor map t : UF’z + S4 
we see that [Uo(Vo + Vlj), Ul(Vo + V,j)] describes an S2 inside S4 as [UO, Ul] varies in 
cp1. Therefore no a-line can be a twistor line. 
On the other hand if [Uo, Ul] is fixed in (fZilI$ then the image [U&&Vlj), UI(VO+VI~)] 
reduces to a point Q E IHEJ~ (i.e. is independent of [Vo, VI]) if and only if we can choose 
170 and Ul to be real numbers, because only in this case [U&GO + Vlj), UI(VO t VIM)] = 
[Uo, Ul] is a fixed point Q E II-JIpl. 
We conclude that if 
then 
C’ := {[U~,U~] E CP1 1 Uo,Ul can be chosen to be real} 2 5” 
2, = S(C’ x @IFI) z s1 x s2 
is the set of all twistor lines contained in Q. 
If C is the image of v under the twistor projection then 
C = t(D) = {[qo,ql] E !lXlPl ) qo, q1 can be chosen to be real} 
and of course t o S : C’ --* C is a diffeomorphism sending the real equator of the first 
@PI-factor onto the real equator of HII+ Z S4. 
Now the a-invariant quadric Q with the set of twistor lines V removed consists of 
two connected components which we denote by 
Q+ := S(E+ x @P1) and Q- := S(E- x Cpl) 
where E+ and E- are the two components of’(EE$ \ C’. Since o(Q+) = Q- this gives 
a complex structure on El& \ C = t(Q+) which of course is just the product complex 
structure of E+ x UP1 and we can also think of E+ as the upper half plane ‘H = {z E 
@IImz>O}. 
As in the degenerate case we now look for the metric on M by determining which 
elements v of the group W3 leave invariant some open subset C of Q+ which will 
then be identified with fi via t. But again such an v will have to preserve the whole 
quadric Q, furthermore it will send twistor lines to twistor lines so that it will also 
leave D invariant. 
As a result w E $2 must leave C c IFIF’ invariant. It is not hard to show that this 
condition forces the matrix w to be in fact an element of PSL(~,IR) x SU(2): 
Proposition 4.1. When rank(Q) = 4 any w E R is an isometry of the product metric 
on X x @P1 E IHUPI \ C. Where of course 7i and @Pl are given the standard metrics of 
constant curvature -1 and i-1 respectively. 
Proof. One easily checks that if w(C) = C then w can be written as 
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with q = Ji + pj E SU(2), e, f,g, h E Iw and leh - fgl = 1. Then the corresponding map 
of CPs is 
cX ep gX gp 
(- - 
-sP 9x 
*= Te: ;“, hX hp 
EiWB 
-fji fi -hji hi 
but of course such an v is the image via the Segre’ imbedding of the element 
(; ;) x (_; ;) EPSL(2,IW)XSU(2) 
because in fact eh - fg = 1 since 2, preserves Q+. Cl 
It is clear now from the theory of Riemann surfaces that in order for M = fi / fl 
to be compact we need that Sz is isomorphic to the fundamental group of a Riemann 
surface of genus g > 2 and the proof of Theorem 1.1 and Corollary 1.2 is now complete. 
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